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This paper presents a design sensitivity analysis method by the consistent tangent operator concept-based boundary
element implicit algorithm. The design variables for sensitivity analysis include geometry parameters, elastic–viscoplastic
material parameters and boundary condition parameters. Based on small strain theory, Perzyna’s elastic–viscoplastic
material constitutive relation with a mixed hardening model and two ﬂow functions is considered in the sensitivity analysis.
The related elastic–viscoplastic radial return algorithm and the formula of elastic–viscoplastic consistent tangent operator
are derived and discussed. Based on the direct diﬀerentiation approach, the incremental boundary integral equations and
related algorithms for both geometric and elastic–viscoplastic sensitivity analysis are developed. A 2D boundary element
program for geometry sensitivity, elastic–viscoplastic material constant sensitivity and boundary condition sensitivity has
been developed. Comparison and discussion with the results of this paper, analytical solution and ﬁnite element code
ANSYS for four plane strain numerical examples are presented ﬁnally.
 2006 Elsevier Ltd. All rights reserved.
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Sensitivity analysis of non-linear (material and/or geometrical) problems plays an important role in struc-
tural optimization, inverse problem and reliability analysis. Both ﬁnite element method (FEM) (Arora and
Cardoso, 1992; Jao and Arora, 1992a,b; Choi and Santos, 1987; Santos and Choi, 1988; Badrinarayanan
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2572 L. Liang et al. / International Journal of Solids and Structures 44 (2007) 2571–2592element method (BEM) (Mukherjee and Chandra, 1989, 1991; Zhang andMukherjee, 1992; Zhang et al., 1992;
Wei et al., 1994; Leu andMukherjee, 1994a,b, 1995) have been developed for geometry and material non-linear
sensitivity analysis by a lot of researchers. Currently, there are three diﬀerent approaches that are used in sen-
sitivity analysis: the ﬁnite diﬀerence approach (FDA), the adjoint structure approach (ASA), and the direct dif-
ferentiation approach (DDA). Among these three diﬀerentiation approaches, ASA, similarly as DDA, consists
in exact analytical diﬀerentiation of primary equations, and for large number of design parameters it is advo-
cated as more eﬃcient than DDA (Haug et al., 1986). However for the non-linear history-dependent problems,
the DDA has been seen to be more suitable (Tsay and Arora, 1989; Kleiber et al., 1997). Note that for non-lin-
ear problems, an incremental-iterative numerical method is needed. Therefore, a powerful and high eﬃciency
algorithm for non-linear solver is the cornerstone of a successful non-linear analysis. The concept of consistent
tangent operator (CTO), which is ﬁrst proposed in ﬁnite element method by Simo and Taylor (1985), has
obtained wide application in sensitivity analysis of non-linear problems. Use of the CTO, as it was pointed
out by Vidal et al. (1991), Vidal and Haber (1993), Kleiber and Hien (1991), Kleiber et al. (1994, 1995) andMic-
haleris et al. (1994), provides very accurate numerical results in sensitivity analysis; while other approaches (e.g.
using the continuum tangent operator) might lead to signiﬁcant errors. Bonnet and Mukherjee (1996), for the
ﬁrst time, have introduced the CTO concept in boundary element and small strain elastic plastic sensitivity anal-
ysis. Later, Poon et al. (1998) have further developed this method into 2D elastoplastic sensitivity problem.
However, in these papers of CTO-based BEM (Bonnet and Mukherjee, 1996; Poon et al., 1998), only elastic
plastic material sensitivity parameter is studied. The viscoplastic material sensitivity, geometry sensitivity
and boundary condition sensitivity analysis are not considered. Recently, Liang et al. (2004) have solved the
viscoplastic material sensitivity problem with CTO-based implicit BEM, but the geometry sensitivity and
boundary condition sensitivity have not yet been developed.
Therefore, the goal of this paper is to present a sensitivity analysis method for parameters aﬀecting geom-
etry, elastic–viscoplastic material constant and boundary condition with the CTO-based small strain boundary
element. The CTO plays a pivotal role in the present work. The design variables for sensitivity analysis include
geometry (shape, dimension and size) parameters, elastic–viscoplastic material parameters and boundary con-
dition parameters. The organization of the paper is arranged as follows: First, based on small strain theory,
Perzyna’s elastic–viscoplastic constitutive relation is introduced with the mixed strain-hardening material that
includes both isotropic and kinematic cases. Two types of viscoplastic ﬂow functions with exponent-type and
power-type are built in the viscoplastic material constitutive relation. Secondly, the elastic–viscoplastic CTO-
based boundary element and related radial return algorithm (RRA) are derived with new formulae of RRA
and CTO which combine the mixed strain-hardening model and both exponent type and power-type of the
ﬂow functions. Then, based on the direct diﬀerentiation approach, the fully incremental boundary integral
equations of geometry sensitivity, elastic–viscoplastic sensitivity and boundary condition sensitivity are devel-
oped together with the new sensitivity formulation of RRA and CTO-based equations. A non-linear algorithm
for geometry, elastic–viscoplastic material and boundary condition sensitivities is developed. Finally, four
plane strain numerical examples with geometry sensitivity, elastic–viscoplastic material constant sensitivity
and boundary condition sensitivity analysis are presented and discussed.
2. Elastic–viscoplastic model
In classical formulations of elastic–viscoplasticity, the yield criterion is deﬁned through a loading function
F  F(r,q), where r denotes the stress state and q denotes the internal variables. As elastic–viscoplastic defor-
mation appears, the stress is permissible outside the closure of the loading surface, i.e. F(r,q) > 0. However, in
rate-independent plasticity, F(r,q) 6 0, it is the basic diﬀerence between viscoplasticity and rate-independent
plasticity.
For the classic elastic–viscoplastic constitutive model (see Fig. 1, where rs is the yield stress), the total strain
rate is sum of its elastic and viscoplastic components,_e ¼ _ee þ _evp ð1Þ
where the superscript ‘‘e’’ indicate the elastic component and the superscript ‘‘vp’’ indicate the viscoplastic
component.
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Fig. 1. One dimensional rheological model.
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or
¼ hUðF Þi
g
oF
or
; ð2Þwhere, F is a yield function of material; U(F) is a ﬂow function; h Æ i are MacCauley’s brackets, hxi = (x + jxj)/
2; _c is the viscoplastic ﬂow rate parameter; g is a given viscoplastic material ﬂuidity parameter.
Considering a mixed strain-hardening model which includes both isotropic hardening and kinematic hard-
ening, the loading yield function isF ðn;evpÞ  knkﬃﬃ
2
3
q
jðevpÞ
 1 ð3Þwhere jðevpÞ is a function governing the isotropic expansion of the yield surface. n = S  a, S is the deviatoric
stress tensor, a refers as back stress tensor (an internal variable), which deﬁnes the translation of the centre of
the yield surface. The evolution of the back stress tensor is usually deﬁned as _a ¼ 2
3
H 0 _c oFor, where H
0 is called
the kinematic hardening modulus. If H 0 = 0, one gets the isotropic hardening. knk ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃn : np . evp is the cumu-
lated equivalent viscoplastic strain,evp ¼
Z t
0
ﬃﬃﬃ
2
3
r
ð _evpðsÞ : _evpðsÞÞ1=2dsCommon choices for the ﬂow function U(F) are exponent-type and power-type, which can be written asUðF Þ ¼ ecF  1 ð4aÞ
UðF Þ ¼ F d ð4bÞin which c and d are prescribed constants. In general, the ﬂow function U(F) is the combination of both basic
types above.
On the other hand, from Eq. (1) and Hooke’s law, it can be obtained:_r ¼ C : ð _e _evpÞ ð5Þ
where C is the fourth-order elastic tensor given by C = kl  l + 2lI. l is the second-order unit tensor given by
l = dijei  ej; I = (1/2)[dikdjl + dildjk]ei  ej  ek  el is fourth-order unit tensor; where e represents basis vector
and  denotes tensor product. k and l are the Lame’ constants, and l is the shear modulus. In fact, as the
ﬂuidity parameter g! 0, stress state outside of the loading surface becomes increasingly penalized and thus
F! 0, the viscoplastic Eqs. (2) and (5) reduce to the rate-independent plasticity problem. As the ﬂuidity
parameter g!1, _c! 0, _a! 0, _evp ! 0, Eqs. (2) and (5) collapse to the rate form of linear elasticity.
3. The implicit CTO-based BEM for elastic–viscoplastic analysis
Without consideration of body force, the basic equation of derivative boundary element formulation for
elastic–viscoplastic can be written as follows:
2574 L. Liang et al. / International Journal of Solids and Structures 44 (2007) 2571–25923.1. Elastic–viscoplastic boundary integral equation (BIE) (Poon et al., 1998; Liang et al., 2004)Z Z
oX
½ _uiðb;QÞ  _uiðb; ZÞPkiðb;Q; ZÞdCðb;QÞ 
oX
_piðb;QÞUkiðb;Q; ZÞdCðb;QÞ
¼
Z
X
Uki;jðb; q; ZÞCijab _evpabðb; qÞdXðb; qÞ ð6Þwhere b is a general design parameter which may be the geometry (shape/size/dimension) parameters, bound-
ary condition (traction/displacement) parameters, or material parameters, etc.; Z is a source point on the
boundary oX; Q is a ﬁeld point on the boundary oX; q is a ﬁeld point inside the body X; _ui is the component
of the displacement rate vector _u, _pi is the component of the traction rate vector _pð¼ _r  nÞ, and the fourth-
order tensor Cijab is the elastic constant (i.e. C). Uki and Pki are the components of the Kelvin fundamental
displacement and traction solutions respectively, for plane strain problems which can be written asUki ¼ 1
8pð1 mÞl fð3 4mÞ ln rdik  r;ir;kg
Pki ¼ 1
4pð1 mÞr fð1 2mÞdik þ 2r;ir;kg
or
on
þ ð1 2mÞðr;ink  r;kÞni
 where r is the distance between a ﬁeld point and a source point. It is important to note that the ﬁrst kernel is
only ln r singular. This weakly singular kernel can be integrated accurately by log-weighted Gaussian integra-
tion. The last term in Eq. (6) has O(1/r) singular domain integrals. But it can be modiﬁed asZ
X
Uki;jðb; q; ZÞCijab½_evpabðb; qÞ  _evpabðb; ZÞdXðb; qÞ þ Cijab _evpabðb; ZÞ
Z
oX
Ukiðb; q; ZÞnj dCðb;QÞThe above regularization makes the domain integral in Eq. (6) become regular.
In matrix form, the above BIE symbolically can be expressed as½Hf _ug  ½Gf _pg ¼ ½LfC : _evpg ð7Þ
where [H] and [G] are corresponding to the matrices of elastic problem, [L] is related to the matrix which asso-
ciates to non-linear strain rate term.
In the standard boundary element method, Eq. (7) can be rewritten as½Af _yg ¼ f_fg þ ½LfC : _evpg ð8Þ
where f _yg collects all the boundary unknowns, [A] denotes the system matrix related to the boundary un-
knowns and f_fg is the contribution of known boundary variables.
Diﬀerentiation of the interior displacement rate integral equation with respect to xl yields the representation
formula for the displacement rate gradient_uk;lðb; zÞ ¼
Z
oX
_uiðb;QÞDkilðb;Q; zÞdCðb;QÞ 
Z
oX
_piðb;QÞ _Uki;lðb;Q; zÞdCðb;QÞ  Cijab _evpij ðb; zÞ

Z
oX
Uka;bðb; q; zÞnlðb; qÞdCðb;QÞ 
Z
X
Uki;jlðb; q; zÞCijab½_evpabðb; qÞ  _evpabðb; zÞdXðb; qÞ ð9Þwith the notation Dkil = CijabnjUka,bl, where z is a source point inside the body X.
The strain rate equation at z is then readily obtained from Eq. (9). In symbolic form, one hasf _eg ¼ ½G0f _pg  ½H0f _ug þ ½L0fC : _evpg ¼ ½A0f _yg þ f_f 0g þ ½L0fC : _evpg ð10Þ
where [H 0] and [G 0] are the displacement rate and traction rate coeﬃcient matrices, respectively; [A 0] is the sys-
tem matrix related to boundary unknowns, [L 0] corresponds to the contributions of non-linear strain term,
and f_f 0g depends on the prescribed terms of tractions and boundary displacements.
Substituting Eq. (8) into Eq. (10), it comes out:f _eg ¼ f _Ng þ ½MfC : _evpg ð11Þ
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½M ¼ fL0g  ½A0½A1½LCombining Eqs. (11) and (5) by removing fC : _egvpg, it yields
f_eg ¼ f _Ng þ ½MfC : _e _rg ð12Þor½Mf _r C : _eg  f _Ng þ ½If _eg ¼ f0g ð13Þ
Eq. (13) is the basic non-linear boundary element rate equation; actually it has included the equilibrium equa-
tion implicitly.
Considering the increment form of Eq. (13) with Dtn = tn+1  tn, it has
½MfDrn  C : Deng  fDNng þ ½IfDeng ¼ f0g ð14ÞOn the other hand, the RRA rule gives (see Section 3.2)rnþ1  rðen; rn; qn;DenÞ ¼ rn þ Drn ð15Þ
where the notation r symbolically denotes the action of the radial return algorithm and the internal variable is
qn ¼ fan;evpg.
Inserting Eq. (15) into Eq. (14), it yields:fWðDenÞg  ½Mfrnþ1  rn  CDeng  fDNng þ ½IfDeng ¼ f0g ð16Þ
where W(Den) is the residual of Eq. (14) due to the RRA. The Newton method can be applied in Eq. (16)Deiþ1n ¼ Dein 
WðDeinÞ
W0ðDeinÞ
ð17Þwhere ‘‘ 0’’ is the diﬀerentiation of WðDeinÞ with respect to (w.r.t.) Dein.
Note that the deﬁnition of CTO (Simo and Taylor, 1985): Cnþ1 ¼ oroDen and dein ¼ Deiþ1n  Dein. Finally from
Eq. (17), it solvesð½M½C CvpðiÞnþ1   ½IÞfdeing ¼ fWðDeinÞg ð18Þ
where CvpðiÞnþ1 is the elastic–viscoplastic local CTO, ½M½C CvpðiÞnþ1   ½I is referred as the global CTO. The New-
ton step involves the diﬀerence ½C CvpðiÞnþ1  between the elastic constitutive law and the local CTO, rather than
the local CTO itself. It is consistent with the fact that Eq. (14) accounts for both equilibrium and elastic con-
stitutive law, while in the FEM, only equilibrium is accounted for it.
Noted that ½C CvpðiÞnþ1   0 for elastic problem, it means that ½C CvpðiÞnþ1  exists only when the viscoplastic
deformation happens. Hence, it is convenient to rewrite the Newton step using block decomposition:ðM½C CvpðiÞnþ1   ½IÞvpvpfdeingvp ¼ fWðDeinÞgvp ð19aÞ
fdeinge ¼ ðM½C CvpðiÞnþ1 Þevpfdeingvp  fWðDeinÞge ð19bÞwhere the subscripts e and vp indicate vectors and matrices restricted to the currently elastic or viscoplastic
nodes and collocation points. It shows that the global CTO has to be set up and factored only at currently
viscoplastic nodes. The currently elastic part fdeinge is given explicitly by Eq. (19b), after (19a) is solved for
fdeingvp. Moreover,ð½M½C CvpðiÞnþ1 Þvpe ¼ ð½M½C CvpðiÞnþ1 Þee ¼ ½0 ð20Þ
Eq. (20) shows that the dimension of the linear system in Eq. (18) is only associated with the size of the visco-
plastic deformation zone. It leads to an eﬃcient solution scheme with savings in computing time, which is dif-
ferent from FEM.
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A trial (Tr) deviatoric stress is introduced asnTrnþ1 ¼ nn þ 2lDen ð21Þ
where e is the deviatoric strain tensors.
Considering the viscoplastic evolution problem for strain increment in any given ﬁnite time step Dt, the
elastic–viscoplastic constitutive law reduces to giving a RRA rule that makes rnþ1  rðen; rn; qn;DenÞ ¼
rn þ Drn ﬁnally be consistent with the loading surface F ðn;evpÞ.
If F ðnTrnþ1; jnÞ 6 0, i.e. the elastic deformation, one has
rnþ1 ¼ r ¼ KDen : ðl lÞ þ 2lDen þ rn ð22Þwhere K is the bulk modulus. This is the elastic constitutive equation in incremental form.
If F ðnTrnþ1; jnÞ > 0, i.e. the viscoplastic deformation, one hasrnþ1 ¼ r ¼ Kenþ1 : ðl lÞ þ Snþ1 ð23Þ
On the other hand, one can obtain the following counterpart of the implicit backward-Euler diﬀerence scheme
and viscoplastic RRA consistency equations_evp ¼ _cn^ ¼ hUðF Þi
g
n^
evpnþ1 ¼ evpn þ ½ _cDtn^nþ1
anþ1 ¼ an þ 23H 0½ _cDtn^nþ1
evpnþ1 ¼ evpn þ
ﬃﬃﬃ
2
3
r
½ _cDt
n^nþ1 ¼ 1knTrnþ1k
nTrnþ1
8>>>>>>>><>>>>>>>:
ð24aÞalong with the conditionknnþ1k ¼ knTrnþ1k  2l½ _cDt 1þ
H 0
3l
 
ð24bÞIn addition, note thatSnþ1 ¼ knnþ1kn^nþ1 þ anþ1 ð25Þ
Eqs. (3), (4) and (21)–(25) solve the viscoplastic RRA consistency equationRð _cDtÞ  knTrnþ1k 
ﬃﬃﬃ
2
3
r
jðevpnþ1Þ  hð _cDtÞ  2l½ _cDt 1þ
H 0
3l
 
¼ 0 ð26Þwherehð _cDtÞ ¼ 1þ 1c ln 1þ gDt ½ _cDt
 
; if UðF Þ follows Eq: ð4aÞ
hð _cDtÞ ¼ 1þ gDt ½ _cDt
 1
d ; if UðF Þ follows Eq: ð4bÞ
(
The solution of Eq. (26) from which the values of ½ _cDt is determined, can be eﬀectively solved by the local
Newton iteration procedure.
3.3. Elastic–viscoplastic CTO
The CTO is deﬁned in a fourth-order tensor (Simo and Taylor, 1985):Cnþ1 ¼ oroDen ¼
ornþ1
oDen
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for the RRA presented here, the CTO takes the form as follows:Cnþ1 ¼ Cvpnþ1 ¼ Kl lþ 2lb I
1
3
l l
 
 2lðb #Þn^nþ1  n^nþ1 ð27Þwhereb ¼ 1 2l½ _cDtknTrnþ1k
; # ¼ 1 1
1
3l j
0ðevpnþ1Þ  hð _cDtÞ þ 12l
ﬃﬃ
2
3
q
jðevpnþ1Þ  h0ð _cDtÞ þ 1þ H
0
3lwhereh0ð _cDtÞ ¼
g
Dt
c 1þ gDt ½ _cDt
  ; if UðF Þ follows Eq: ð4aÞ
h0ð _cDtÞ ¼
g
Dt
d
g
Dt
½ _cDt
	 
1
d1
; if UðF Þ follows Eq: ð4bÞ
8><>:
It should be indicated that when rnþ1 ¼ rðen; rn; qn;DenÞ is elastic, one has Cnþ1 ¼ Cvpnþ1 ¼ C.
4. General sensitivity algorithm for geometry, material non-linear and boundary condition
Since sensitivity in the present context means a comparison of two history-dependent mechanical processes
for a geometry and material non-linear problem with a certain boundary conditions (traction/displacement),
the sensitivity computation must also proceed in an incremental way, and then bring out an accumulation of
sensitivity increments, each of which is the solution of a linear problem. Due to the advantage of DDA for
non-linear history-dependent problem, it is selected in the following work.
4.1. General sensitivity analysis formulation for boundary integral equation
Let a superscript ‘’ denote the design derivative with respect to a design variable b in a structure. The dif-
ferentiation of Eq. (6) with respect to b can be written asZ
oX
½~_uiðb;QÞ  ~_uiðb; ZÞPkiðb;Q; ZÞdCðb;QÞ 
Z
oX
~_piðb;QÞUkiðb;Q; ZÞdCðb;QÞ
þ
Z
oX
½ _uiðb;QÞ  _uiðb; ZÞeP kiðb;Q; ZÞdCðb;QÞ  Z
oX
_piðb;QÞ eU kiðb;Q; ZÞdCðb;QÞ
þ
Z
oX
½ _uiðb;QÞ  _uiðb; ZÞPkiðb;Q; ZÞdeCðb;QÞ  Z
oX
_piðb;QÞUkiðb;Q; ZÞdeCðb;QÞ
¼
Z
X
eU ki;jðb; q; ZÞCijab _evpabðb; qÞdXðb; qÞ þ Z
X
Uki;jðb; q; ZÞCijab~_evpabðb; qÞdXðb; qÞ
þ
Z
X
Uki;jðb; q; ZÞCijab _evpabðb; qÞdeXðb; qÞ ð28Þwhere kernels eU ki, eP ki and eU ki;j can be written in the form
eU kiðb;Q; ZÞ ¼ Uki;lðb;Q; ZÞð~xlðQÞ  ~xlðZÞÞ
~Pkiðb;Q; ZÞ ¼ Pki;lðb;Q; ZÞð~xlðQÞ  ~xlðZÞÞeU ki;jðb; q; ZÞ ¼ Uki;jlðb; q; ZÞð~xlðqÞ  ~xlðZÞÞ
ð29Þand deC ¼ ð~xk;kðQÞ  ninj~xi;jðQÞÞdC, deX ¼ ~xk;kðqÞdX.
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ary oX, the parametric equations of a curve (which can be described using shape function) are given byx1ðQÞ ¼
Pne
i¼1
xi1wið1Þ
x2ðQÞ ¼
Pne
i¼1
xi2wið1Þ
8><>: ð30Þ
where xj1 denote the x-coordinate value of node j on an element; x
j
2 denote the y-coordinate value of the node j
on an element; w is the shape function; 1 is a mapping parameter which is independent of design variable b; ne
is the number of nodes on element. The Jacobian determinant of dC(Q) can be expressed asJðnÞ ¼ dCðQÞ
d1
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
dx1ðQÞ
d1
 2
þ dx2ðQÞ
d1
 2s
Thus one can obtain the relationdeCðQÞ
d1
¼ eJ ð1Þ ) deCðQÞ
dCðQÞ ¼
eJ ð1Þ
Jð1Þ ) d
eCðQÞ ¼ eJ ð1Þ
Jð1Þ dCðQÞ ð31Þwhere eJ ð1Þ may be written as
eJ ðnÞ ¼ t1X dwlðnÞ
dn
~xl1 þ t2
X dwlðnÞ
dn
~xl2where t1 and t2 denote the component of the tangent vector at boundary point Q.
In matrix form, Eq. (28) can be expressed as½Hf~_ug  ½Gf~_pg þ ½ eHf _ug  ½eGf _pg ¼ ½LfC : e_evpg þ ½eLfC : _evpg ð32Þ
where ½ eH and ½eG are the sensitivity coeﬃcient matrices of elastic problem, and ½eL relates to the sensitivity
matrix which associates to non-linear strain rate term.
After the ‘‘collecting’’ boundary unknowns, Eq. (32) can be rewritten as½Af~_yg ¼ fe_Fg þ ½LfC : ~_evpg þ ½eLfC : _evpg ð33Þ
where f~_yg collects all the boundary sensitivity unknowns, and fe_Fg is the contribution of known boundary
variables.
Diﬀerentiation of the displacement rate gradient Eq. (9) with respect to b yields~_uk;lðb; zÞ ¼
Z
oX
~_uiðb;QÞDkilðb;Q; zÞdCðb;QÞ 
Z
oX
~_piðb;QÞUki;lðb;Q; zÞdCðb;QÞ
þ
Z
oX
_uiðb;QÞeDkilðb;Q; zÞdCðb;QÞ  Z
oX
_piðb;QÞ eU ki;lðb;Q; zÞdCðb;QÞ
þ
Z
oX
_uiðb;QÞDkilðb;Q; zÞdeCðb;QÞ  Z
oX
_piðb;QÞUki;lðb;Q; zÞdeCðb;QÞ  Cijab~_evpij ðb; zÞ

Z
oX
nlðb;QÞUka;bðb;Q; zÞdCðb;QÞ 
Z
X
eU ki;jlðb;Q; zÞCijab½_evpabðb; qÞ  _evpabðb; zÞdXðb; zÞ
 Cijab _evpij ðb; zÞ
Z
oX
~nlðb;QÞUka;bðb;Q; zÞdCðb;QÞ 
Z
X
Uki;jlðb;Q; zÞCijab½~_evpabðb; qÞ
 ~_evpabðb; zÞdXðb; zÞ  Cijab _evpij ðb; zÞ
Z
oX
nlðb;QÞ eU ka;bðb;Q; zÞdCðb;QÞ

Z
X
Uki;jlðb;Q; zÞCijab½_evpabðb; qÞ  _evpabðb; zÞdeXðb; zÞ  Cijab _evpij ðb; zÞ

Z
oX
nlðb;QÞUka;bðb;Q; zÞdeCðb;QÞ ð34Þ
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oX. Convenient formulae of ~ni can be written in the component form as~n1 ¼ ½Jð1Þ1
X dwmð1Þ
dn
~xm2 þ ½Jð1Þ2
dx2ðQÞ
dn
eJ ð1Þ
~n2 ¼ ½Jð1Þ1
X dwmð1Þ
dn
~xm1  ½Jð1Þ2
dx1ðQÞ
d1
eJ ð1Þ ð35Þ
The strain rate sensitivity equation can be obtained from Eq. (34). In symbolic form, one hasf~_eg ¼ ½G0f~_pg  ½H0f~_ug þ ½L0fC : ~_evpg þ ½fG0 f _pg  ½fH0 f _ug þ ½ eL0 fC : _evpg
¼ ½A0f~_yg þ f e_F0g þ ½L0fC : ~_evpg þ ½eL0fC : _evpg ð36Þwhere ½ eH0 and ½eG0 stand for the displacement rate and traction rate sensitivity coeﬃcient matrices, respec-
tively; ½eL0 corresponds to the contributions of non-linear strain sensitivity term, and fe_F0g depends on the pre-
scribed terms of tractions sensitivity and boundary displacements sensitivity.
Substituting Eq. (33) into Eq. (36), it comes out:f~_eg ¼ fe_Ng þ ½MfC : ~_evpg þ ½fMfC : _evpg ð37Þ
wherefe_Ng ¼ fe_F0g  ½A0½A1fe_Fg
½fM ¼ feL 0g  ½A0½A1½eL ð38ÞFrom Hooke’s law, it can be obtained~_r ¼ C : ð~_e ~_evpÞ ð39Þ
Combining Eqs. (37) and (39) by removing fC : ~_egvp yields:½Mf~_r C : ~_eg  fe_Ng þ ½If _eg þ ½fMf _r C : _eg ¼ f0g ð40Þ
Eq. (40) is the basic sensitivity analysis equation of BEM.
The incremental form of Eq. (40) can be written as½Mf~rnþ1  ~rn  C : D~eng  fDeNg þ ½IfD~eng þ ½fMfrnþ1  rn  C : Deng ¼ f0g ð41Þ
If the design variables b only relates to a material parameter, ½fM  ½0, fDeNg  f0g. Thus Eq. (41) can be
simpliﬁed as½Mf~rnþ1  ~rn  C : D~eng þ ½IfD~eng ¼ f0g ð42Þ4.2. Sensitivity analysis of elastic–viscoplastic RRA
The design variable b here may be considered as a geometry parameter, a boundary condition parameters,
or an elastic–viscoplastic material parameter. For example, if we select a viscoplastic relation with isotropic
strain-hardening rule, more speciﬁcally, like a power law selected by (Bonnet and Mukherjee, 1996)j ¼ rs þ k1ðevpÞm ¼ jðevp; bÞ
then the design variable for sensitivity can be considered as one of rs, k1, m.
Using the notations: j0 ¼ ojoevp and _j ¼ ojob, it yields~jnþ1 ¼ j0nþ1 ~evpn þ
ﬃﬃﬃ
2
3
r
½~_cDt
 !
þ _jnþ1 ð43Þ
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1
3
l l
 
 ~an ð44Þandk~nTrnþ1k ¼ ð~rn þ 2lD~enÞ : n^nþ1  ~an : n^nþ1 ð45Þ
~^nnþ1 ¼ 1knTrnþ1k
ð~rn þ 2lD~enÞ : I 1
3
l l n^nþ1  n^nþ1
 
 ~an þ ~an : n^nþ1  n^nþ1
 
ð46ÞAssuming hð _cDtÞ ¼ hð _cDt; bÞ and deﬁning h0ð _cDtÞ ¼ ohð _cDtÞo½_cDt and _hð _cDtÞ ¼ ohð _cDtÞob , it yields
~hð _cDtÞ ¼ h0ð _cDtÞ  ½~_cDt þ _hð _cDtÞ ð47ÞThe diﬀerentiated RRA consistency equation can be written as~_cDt ¼ 1 #
2l
ð~rn þ 2lD~en  ~anÞ : n^nþ1  hð _cDtÞ  h  ~evpn knTrnþ1k þ
ﬃﬃﬃ
2
3
r
_jnþ1
" #

ﬃﬃﬃ
2
3
r
jðevpnþ1Þ  _hð _cDtÞ
( )
ð48Þﬃﬃqwhere h ¼
2
3
j0nþ1
knTrnþ1k
; when b = g, c or d, _hð _cDtÞ 6¼ 0.
Combining the above equations with the deﬁnition of sensitivity, the sensitivity expression of RRA rule ~r
may be written as~r ¼ ~rnþ1 ¼ b I 1
3
l l
 
 ðb #Þ  n^nþ1  n^nþ1
 
: ~rn þ Cvpnþ1
: D~en þ ½ð1 bÞIþ ðb #Þn^nþ1  n^nþ1 : ~an þ Kðl lÞ
: ~en þ ð1 #Þhð _cDtÞ h  nTrnþ1  ~evpn þ
ﬃﬃﬃ
2
3
r
_jnþ1n^nþ1
 !
þ
ﬃﬃﬃ
2
3
r
ð1 #Þjnþ1 _hð _cDtÞn^nþ1 ð49Þand~anþ1 ¼ ~an þ H
0
3l
ð1 bÞð~rn þ 2lD~enÞ : I 1
3
l l
 
 ð1 bÞ  ~an þ ðb #Þð~rn þ 2lD~enÞ

: n^nþ1  n^nþ1  ðb #Þ  ~an : n^nþ1  n^nþ1  ð1 #Þ
 hð _cDtÞ  ðh  ~evpn  nTrnþ1 þ
ﬃﬃﬃ
2
3
r
_jnþ1  n^nþ1Þ þ
ﬃﬃﬃ
2
3
r
jnþ1  _hð _cDtÞ  n^nþ1
" #)
ð50Þ4.3. The sensitivity analysis formulation of CTO-based BEM
It is very important to note that the factor Cvpnþ1 that multiplies D~en in Eq. (48) is equal to the converged
value of the consistent tangent operator Cn+1.
Substituting Eq. (48) into Eq. (42) gives a linear equation for fD~eng of the form
ð½M½C Cvpnþ1  ½IÞfD~eng ¼ fYg ð51Þwhere the load vector {Y} is given byfYg ¼ ½M b I 1
3
l l
 
 ðb #Þ  n^nþ1  n^nþ1
 
: ~rn  ~rn þ K  l l : ~en þ ½ð1 bÞIþ ðb #Þn^nþ1  n^nþ1
: ~an þ ð1 #Þhð _cDtÞ h  nTrnþ1  ~evpn þ
ﬃﬃﬃ
2
3
r
_jnþ1n^nþ1
 !
þ
ﬃﬃﬃ
2
3
r
ð1 #Þjnþ1 _hð _cDtÞn^nþ1
)
 fDeNg þ ½fMfrnþ1  rn  C : Deng
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fD~enge ¼ ð½M½C Cvpnþ1ÞevpfD~engvp  fYge ð51bÞ4.4. Computational algorithm
The following algorithm based on above sections is proposed for the overall solution procedure. Let NT be
the total load steps from initial time t0 to ﬁnal time tNT . The initial time t0 is assumed to correspond to the ﬁrst
yield load.
For n 2 [0,NT  1]:
1. Compute {DNn} (purely elastic internal strain).
2. Initialize fDe0ng (the elastic value).Iterative solution:
(a) i = 0.
(b) Compute the residual fWðDeinÞg from Eq. (18).
(c) Convergence test: if kfWðDeinÞgk 6 Tol, (Tol is a given tolerance), then start new load increment (go
to 3).
(d) i = i + 1.
(e) Compute the converged ½ _cDt from Eq. (26) and the local CTO CvpðiÞnþ1 from Eq. (27) at all nodes; deter-
mine the sets of currently elastic (e) and currently viscoplastic (vp) nodes.
(f) Solve global CTO ½MðC CvpðiÞnþ1 Þ  I and divide it into ½MðC CvpðiÞnþ1 Þ  Ivpvp and ½MðC CvpðiÞnþ1 Þ  Ievp.
(g) Solve the ﬁrst equation of Eq. (19a) for fdeingvp and then compute fdeinge using (19b).
(h) Update: fDeiþ1n g ¼ fDeing þ fdeing.
(i) Start a new iteration (at step (b)).3. Update: {en+1} = {en} + {Den}, fevpgnþ1, {rn+1}, etc. from Eqs. (23) and (24).
4. Sensitivity analysis:
(a) Set up the right-hand side load vector of Eq. (50) {Y}vp, {Y}e.
(b) Solve Eq. (51a) for fD~engvp and compute fD~enge using Eq. (51b).
(c) Update: f~enþ1 ¼ f~eng þ fD~eng, f~rnþ1g, f~anþ1g, etc. from Eqs. (43)–(49).Repeat the above process until the prescribed load. The load here is a generalized vector that contains
design sensitivity variable b. The design sensitivity may be the geometry parameters, elastic–viscoplastic mate-
rial parameters, and the boundary condition (traction or displacement) parameters.
5. Numerical examples
Based on above formulations, a 2D small strain non-linear boundary element program has been developed
for geometry sensitivity, elastic–viscoplastic sensitivity and the boundary condition sensitivity. Quadratic ele-
ments are used for both boundary and domain discretization. Corners have been modeled by means of double
nodes technique. Four examples are investigated and discussed. Their results are compared with the analytical
solution and the solution of ﬁnite element software code ANSYS. Since ANSYS does not have the built-in
capabilities for sensitivity calculations, the sensitivity results by FEM here are based on the ﬁnite-diﬀerence
approximation, which selects 0.1% perturbation in the design parameter. The four numerical examples
include: (1) a hollow cylinder subjected to the internal and external pressures. The elastic–viscoplastic material
parameter is considered as design sensitivity variable; (2) a viscoplastic deep beam subjected to a uniform load.
The geometrical design sensitivity variable is selected to be the half length of the beam; (3) a specimen with a
centre hole subjected to a prescribed uniform distribution tension load. Both the material parameter of a Voce
model and the boundary condition (load) are considered as the design sensitivity variables; (4) a hollow cyl-
inder with the power-type hardening law subjected to a internal pressure, in which both the material hardening
parameter and the geometric parameter (inner radius) are considered as the design sensitivity variables.
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Equal internal and external pressures are applied proportionally on a hollow cylinder, its inner radius is 1
and outer radius is 2. The internal and external pressures p2 = 0.01 at the end of time t2 = 0.1. Consider a
power-type ﬂow function (see Eq. (4b)), where d = 1. The material constants are chosen with shear modulus
l = 1, Poisson’s ratio m = 0.3 and two viscoplastic ﬂow parameters g = 1E10, 100. A isotropic strain-
hardening rule (H 0 = 0) is selected in this example, j ¼ rs þ k1ðevpÞm, where m = 1.0 and rs = k1 = 0.002.
Due to the symmetry of the sample, only one quarter of the specimen is modeled by using 30 quadratic
boundary elements and 108 quadratic triangular internal cells (see Fig. 2). The mesh density of FEM with qua-
dratic triangular elements is selected the same as BEM and it is shown in Fig. 2. The rate-independent isotro-
pic bilinear hardening plasticity material is chosen for FEM (ANSYS) analysis. The exact elastic plastic
solution from Bonnet and Mukherjee (1996) is listed in Table 1 for comparison. The results in Table 1 have
shown good agreement among exact solution, the BEM solution of this paper and the FEM solution for
variable evp and sensitivity oevp=ok1 in a limit (elastoplastic) case.
5.2. A viscoplastic deep beam subjected to a uniform load
A plane strain deep beam, W = 2 in half length and T = 1 in height, under uniform load p = 0.5 · 103 at
the end of time t = 0.1 is shown in Fig. 3. Due to the symmetry, only one half of the beam is modeled. The
BEM model employs 24 quadratic boundary elements and 32 quadratic triangular internal cells. The nodes in
x = 0 are constrained in x-direction. To eliminate the translation of rigid body, the displacement in y-directionFig. 2. (a) BEM mesh of a hollow cylinder. (b) FEM mesh.
Table 1
Comparison of the equivalent viscoplastic strain and its sensitivity at the end of time for viscoplastic parameter g = 1E10 and g = 100
Exact solution BEM FEM (ANSYS)
g = 1.0E10 (elastic plasticity for FEM) evp 7.6864E4 7.6861E04 7.6864E04
oevp=ok1 5.9081E4 5.9080E04 5.9080E04
oevp=og – 7.4810E07 –
g = 100 evp – 7.1374E04 –
oevp=ok1 – 5.4575E04 –
oevp=og – 5.9125E07 –
ppp
W /2 W /2
T
x
y
Fig. 3. Plane strain deep beam and related BEM discretization.
p
pp
W /2 W /2
T
x
y
Fig. 4. FEM mesh for the plain strain deep beam.
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quadratic triangular elements. An exponent-type ﬂow function Eq. (4a) is considered, where c = 1. An isotro-
pic perfect yield function is given as jðevpÞ ¼ rs ¼ 0:002 and the kinematic hardening modulus is chosen to be
H 0 = 0. The other material constants are selected as shear modulus l = 1, Poisson’s ratio m = 0.3 and diﬀerent
viscoplastic ﬂow parameters g = 1E10, 10, 100, 1E10. In ANSYS analysis, an elastic perfect plastic material
with shear modulus l = 1, Poisson’s ratio m = 0.3 and yield stress rs = 0.002 is employed for analysis.
Let the half length of the beam W be the geometrical design sensitivity variable. Thus, x = kW (where
k 2 [0, 1] is a parameter and k = x/W), the sensitivities of geometrical quantities used in these calculations,
are as follows:~x ¼ k ¼ x=W ; ~y ¼ 0; d
~XðQÞ
dXðQÞ ¼
d~x
dx
þ d~y
dy
¼ 1
WTo get the geometry sensitivity by ﬁnite-diﬀerence method based on ANSYS, perturbing the beam half
length W consists in proportionally moving all the nodes in the meshed domain. The perturbing value is
Dx = 0.1% x with Dy = 0 for any node at the location (x,y).
Fig. 5 shows the deﬂection uy on the top edge of the beam along the x-axis direction with diﬀerent visco-
plastic parameters. Fig. 6 shows the stress rx on the top edge of the beam along the x-axis direction with dif-
ferent viscoplastic parameters. Fig. 7 shows the deﬂection sensitivity ouy/oW on the top edge of the beam w.r.t.
W along the x-axis direction with diﬀerent viscoplastic parameters. Fig. 8 shows the stress sensitivity orx/oW
on the top edge of the beam w.r.t. W along the x-axis direction with diﬀerent viscoplastic parameters.
From Figs. 5–7, it can be observed that the viscoplastic results approach the elastic case of FEM (ANSYS)
solution as g!1 and the viscoplastic results approach the elastoplastic case of FEM (ANSYS) solution as
g! 0. Fig. 8 shows that when g! 0, the stress sensitivity orx/oW obtained in this paper has deviation from
ANSYS elastic plastic result at the interface of the elastic zone and plastic zone (around x = 0.75, see Fig. 6).
In fact, when g! 0, due to the perfect plasticity stress–strain behavior, the stress sensitivity should approach
zero in plastic zone and it should have a jump (step) at the interface of elastic zone and plastic zone (nearby
x = 0.75).
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Fig. 5. Deﬂection uy on top edge of the beam along x-axis direction.
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Fig. 6. Stress rx on the top edge of the beam along x-axis direction.
2584 L. Liang et al. / International Journal of Solids and Structures 44 (2007) 2571–2592To verify the accuracy of the ﬁnite diﬀerence by FEM (ANSYS) and the DDA by BEM, four diﬀerent ele-
ment size schemes (1/4, 1/8, 1/16 and 1/32 in element right-angle edge length of all elements) for both FEM
and BEM with the same mesh densities are chosen as shown in Fig. 9(A) and (B). Fig. 10 shows the sensitiv-
ities of orx/oW on the top edge of the beam by both elastoplastic FEM (ANSYS) and elastic viscoplastic BEM
with g = 1E10. From Fig. 10 it can be seen that the results of both methods approach the same jump loca-
tion (about 0.75). As the mesh density increases, the result of FEA (ANSYS) sensitivity solution approaches
the jump location from left side while the result of BEM approaches the jump location from right side. How-
ever, the best FEM (ANSYS) solution that approaches the jump location uses 1/32 mesh density scheme,
while BEM reaches the same goal only by 1/8 mesh density.
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Fig. 7. Sensitivity of deﬂection uy on top edge of the beam w.r.t. W along x-axis direction.
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Fig. 8. Sensitivity of stress rx on top edge of the beam w.r.t. W along x-axis direction.
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Consider a plate with a centre hole, its height T = 36, width W = 20, and the radius of centre hole R = 4.
The analysis is performed by imposing the prescribed distribution tension load p = 0.16 (acts on the top edge
of the plate) at the end time t = 0.1. Due to the symmetry of the sample, only one quarter of the specimen is
modeled by using 78 quadratic boundary element and 180 quadratic triangular internal cells. The geometrical
(a) 1/4 in element right-angle edge length (b) 1/8 in element right-angle edge length
(c) 1/16 in element right-angle edge length (d) 1/32 in element right-angle edge length
(A) 4 FEM (ANSYS) element schemes 
(a) 1/4 in element right-angle edge length (b) 1/8 in element right-angle edge length
(c) 1/16 in element right-angle edge length (d) 1/32 in element right-angle edge length
(B) 4 BEM element schemes 
Fig. 9. 4 FEM (ANSYS) and BEM schemes with the same mesh density schemes.
2586 L. Liang et al. / International Journal of Solids and Structures 44 (2007) 2571–2592parameters and mesh are shown in Fig. 11. Fig. 12 is the FEM mesh of this specimen with similar mesh density
which adopts 531 quadratic triangular elements.
This example takes the Voce ﬂow law: jðevpÞ ¼ rs þ R1ð1:0 exevpÞ þ R0evp, where the related parameters
are taken as rs = 0.243, R1 = 0.1, R0 = 0.15, x = 0.1. A common mixed strain-hardening model is consid-
ered, where the kinematic hardening modulus H 0 = 0.15. The material constants are chosen with Young’s
modulus E = 70, and Poisson’s ratio m = 0.2. An exponent-type ﬂow function (see Eq. (4a)) is selected, where
c = 1. In this example, the material parameter x of Voce law and the prescribed distribution tension load p
(boundary condition) are considered as the design sensitivity variables.
Fig. 13 shows the stress ry on the bottom edge of the sample along the x-axis direction with diﬀerent visco-
plastic parameters. It can be observed that the viscoplastic solution approaches elastoplastic limit case when
g! 0, the results approach elastic solution when g!1. Fig. 14 shows the sensitivity ory/ox of y-axis stress
on the bottom edge of the sample w.r.t. x along the x-axis direction with diﬀerent viscoplastic parameters.
When g is a big number, the sensitivity results agree with ANSYS elastic solution very well; While when
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Fig. 10. Sensitivities of orx/oW on top edge of the beam by diﬀerent FEM and BEM mesh schemes.
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Fig. 11. BEM mesh of the plate with a hole.
L. Liang et al. / International Journal of Solids and Structures 44 (2007) 2571–2592 2587g! 0, the non-linear solution obtained in this paper has shown some diﬀerence with FEM (ANSYS). This
probably is due to the non-linear stress around the hole and around the elastoplastic interface that makes
the sensitivity hard be accurately captured by regular ﬁnite diﬀerence method or it might be both meshes
(FEM and BEM) are not ﬁne enough. Fig. 15 shows the sensitivity ory/op of y-axis stress on the bottom edge
of the sample w.r.t. p along the x-axis direction with diﬀerent viscoplastic parameters. The sensitivity result of
ory/op shows that the BEM solution agrees with ANSYS solution very well in two limit cases (elastic solution
g!1 and elastoplastic solution g! 0).
Fig. 12. FEM mesh of the plate with a hole.
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Fig. 13. y-axis stress on bottom edge of the sample with diﬀerent viscoplastic parameters.
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Consider a hollow cylinder under the internal pressures, where inner radius ri = 1, outer radius ro = 2. The
prescribed pressure p = 14 · 104 at the end time t = 0.1. The material constants are chosen with shear mod-
ulus l = 1, Poisson’s ratio m = 0.3. An isotropic material strain-hardening model (H 0 = 0) with j ¼
2lðk0 þ k1ðevpÞmÞ is considered, where k0 = k1 = 0.001 and m = 1. The power-type ﬂow function U(F) Eq.
(4b) is selected for the BEM analysis, where d=1.
The BEM mesh is shown in Fig. 2a and the same density FEM mesh with quadratic triangular elements is
shown in Fig. 2b.
-4.0E-04
0.0E+00
4.0E-04
8.0E-04
1.2E-03
1.6E-03
4 5 6 7 8 9 10
x
FEM-ANSYS (Elastic)
FEM-ANSYS (Elastic plastic)
BEM (ETA=1000)
BEM (ETA=10)
BEM (ETA=1)
BEM (ETA=0.1)
BEM (ETA=1e-10)
∂σ
y
/∂ω
Fig. 14. Stress sensitivity ory/ox on bottom edge of the sample with diﬀerent viscoplastic parameters.
0.0E+00
4.0E-01
8.0E-01
1.2E+00
1.6E+00
2.0E+00
2.4E+00
2.8E+00
3.2E+00
3.6E+00
4.0E+00
4.4E+00
4.8E+00
4 5 6 7 8 9 10
x
FEM-ANSYS (Elastic)
FEM-ANSYS (Elastic plastic)
BEM( ETA=1000)
BEM (ETA=0.1)
BEM (ETA=1e-10)
∂σ
y/∂
p
Fig. 15. Stress sensitivity ory/op on bottom edge of the sample with diﬀerent viscoplastic parameters.
L. Liang et al. / International Journal of Solids and Structures 44 (2007) 2571–2592 2589The material parameter k1 and the geometric parameter ri (the inner radius of the hollow cylinder) are con-
sidered as the design sensitivity variables in this example. With the inner radius ri as the design variable, con-
sidering the arbitrary radius r = ri + k(ro  ri) (where k 2 [0, 1] is a parameter and k ¼ rrirori), the sensitivities of
geometrical quantities are listed as follows:~x ¼ ox
ori
¼ ð1 kÞ x
r
¼ ðro  rÞxðro  riÞr
~y ¼ oy
ori
¼ ð1 kÞ y
r
¼ ðro  rÞyðro  riÞr
8>><>: ;
deXðQÞ
dXðQÞ ¼
2
ro  ri þ
ro
ðro  riÞr ð52Þ
2590 L. Liang et al. / International Journal of Solids and Structures 44 (2007) 2571–2592To get the geometrical sensitivity by FEM, perturbing the arbitrary radius r consists in proportionally mov-
ing all the nodes in the meshed domain, which is the perturbing value Dr ¼ 0:1%rið rorroriÞ for node at the arbi-
trary location.
Fig. 16 shows the hoop stress rh along the radius with diﬀerent viscoplastic parameters. Fig. 17 shows the
sensitivity orh/ok1 of the hoop stress w.r.t. k1 along the radius with diﬀerent viscoplastic parameters. From
Figs. 16 and 17, it can be observed that the BEM results in this paper approach the FEM (ANSYS) results
in two limit cases (elastic solution g!1 and elastoplastic solution g! 0). Fig. 18 shows the sensitivity
orh/ori of the hoop stress w.r.t. ri along the radius with diﬀerent viscoplastic parameters. It must be pointed
out that the correct formula (expression of polar coordinate) in the second expression of above Eq. (52) is very
important to obtain the accuracy of the sensitivities. From Fig. 18, the sensitivity results show that when8.0E-04
1.0E-03
1.2E-03
1.4E-03
1.6E-03
1.8E-03
2.0E-03
2.2E-03
2.4E-03
1 1.2 1.4 1.6 1.8 2
r
σ θ
FEM-ANSYS (Elastic)
Analy. (Elastic)
FEM-ANSYS (Elastic plastic)
BEM (ETA=1000)
BEM (ETA=10)
BEM (ETA=1e-10)
Fig. 16. Hoop stress rh along the radius with diﬀerent viscoplastic parameters.
-1.6E-03
-6.0E-04
4.0E-04
1.4E-03
2.4E-03
1 1.2 1.4 1.6 1.8 2
r
FEM-ANSYS (Elastic plastic)
BEM (ETA=1000)
BEM (ETA=1E-10)
BEM (ETA=10)
∂σ
θ/∂
k 1
Fig. 17. Hoop stress sensitivity w.r.t. k1 with diﬀerent viscoplastic parameters.
-2.0E-03
0.0E+00
2.0E-03
4.0E-03
6.0E-03
8.0E-03
1.0E-02
1 1.2 1.4 1.6 1.8 2
r
FEM-ANSYS (Elastic)
Analy. (Elastic)
FEM-ANSYS (Elastic plastic)
BEM (ETA=1000)
BEM (ETA=10)
BEM (ETA=1e-10)
∂σ
θ/∂
r i
Fig. 18. Hoop stress sensitivity w.r.t. ri with diﬀerent viscoplastic parameters.
L. Liang et al. / International Journal of Solids and Structures 44 (2007) 2571–2592 2591g = 1000, it agrees with ANSYS solution very well; When g! 0, the trend of BEM’s result is basically the
same as FEM’s, while the solution of the stress sensitivity nearby the outer radius ro obtained by BEM in this
paper has shown the diﬀerence from FEM solution. We are not quite sure the cause of diﬀerence but it is
possible due to the meshes of both FEM and BEM are not ﬁne enough.
6. Conclusions
This paper has presented a sensitivity analysis method for geometry, small strain elastic–viscoplastic mate-
rial and boundary condition with the CTO-based boundary element. The elastic–viscoplastic CTO-based
boundary integral equations and related RRA are introduced with new formulae of RRA and CTO which
combine the material mixed strain-hardening model and both exponent and power types of the ﬂow functions.
The incremental boundary integral equations of geometry sensitivity, elastic–viscoplastic sensitivity and
boundary condition sensitivity are developed based on the direct diﬀerentiation approach. A non-linear algo-
rithm for geometry, elastic–viscoplastic material and boundary condition sensitivities is presented. Four
numerical examples with geometry parameter sensitivity, elastic–viscoplastic material parameter sensitivity
and boundary condition sensitivity analysis are examined and discussed. Good agreement is obtained among
the analytical solution, FEM (ANSYS) solution and the results of this paper in two limit cases (elastic and
elastoplastic solutions). This provides a very promising direction for non-linear BEM sensitivity analysis in
engineering applications.
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